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ABSTRACT
I use the universal instanton formalism to discuss quantum effects in the open-
closed topological string theory of a Calabi-Yau A-model, in the presence of a multiply-
wrapped ‘Floer’ D-brane. This gives a precise meaning (up to the issue of compactifying
the relevant moduli spaces) to the instanton corrections which affect sigma model
and topological string amplitudes. The cohomological formalism I use recovers the
homological approach used by Fukaya and collaborators in the singly-wrapped case,
even though it is not a naive generalization of the latter. I also prove some non-
renormalization theorems for amplitudes with low number of insertions. The non-
renormalization argument is purely geometric and based on the universal instanton
formulation, and thus it does not assume that the background satisfies the string
equations of motion. These results are valid even though the D-brane background
typically receives worldsheet instanton corrections. I also point out that the localized
form of the boundary BRST operator receives instanton corrections and make a few
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1 Introduction
Topological sigma models in the presence of D-branes form an active area of research
due to their relevance for open string extensions of mirror symmetry [13, 4, 20] and
in general for the physics of D-branes in Calabi-Yau compactifications [11, 5]. Much
recent work in this direction is based on the paper [8], where boundary conditions for
such models were first considered. Unfortunately, recent studies of the subject suffer
from a lack of systematic development of the basic framework of topological open-closed
strings.
The purpose of the present paper is to carry out some of the required analysis for
the open-closed topological A model and its associated string theory in the presence
of a (multiply-wrapped) ‘Floer’ D-brane. This is a preliminary step which is necessary
before one can consistently formulate the string field theory of open-closed topological
A strings. A more detailed analysis of this theory is deferred to a companion paper [3].
Before discussing string theory issues, one has to consider the more basic problem
of localization for topological sigma model and string amplitudes in the presence of
disk instanton corrections. A clear formulation of localization does not seem to have
been given for the multiply wrapped case 1. One of the aims of the present paper
is to approach this problem from a ‘Lagrangian’ point of view (similar to the one
adopted in [9, 10]), as opposed to the possibly more direct, but considerably less
explicit Hamiltonian approach followed originally in [8]. This enables us to give a clear
description of what the instanton amplitudes compute in the presence of a bundle on
the D-brane’s worldvolume, and has the added advantage that it does not assume that
the open string background satisfies the string equations of motion. As I discuss in
more detail in [3], these results can be used to recover the correct description of on-shell
observables in the presence of instanton corrections.
A precise formulation of instanton corrections to open string amplitudes was pro-
posed in [6, 7]. Unfortunately, the homological approach of [6] seems to be limited to
the singly-wrapped case, where Poincare duality can be used in its traditional sense. A
naive extension of this approach is problematic for multiply wrapped D-branes, since
Poincare duality cannot be used directly for bundle-valued forms. Instead, I will re-
treat to a cohomological formulation in terms of cup products of bundle valued forms
1The definition of the ‘number of disk instantons’ is slightly non-obvious in this situation, and even the
singly-wrapped case requires some careful analysis. Since the string field theory action of [8] does not take
into account all of the relevant instanton effects, formal expressions obtained by differentiating the partition
function of [8] as in [14, 12] can be misleading. This is true even for the case of D-branes wrapped once
around special Lagrangian cycles, due to the existence of further instanton corrections which are responsible
for the obstructions noticed in [6, 12, 7]. In the work of [13, 12], one is faced with the situation of recovering
disk instanton amplitudes from a string field theory action which is in contradiction with the existence of
these obstructions. Clearly one needs an independent analysis of instanton amplitudes and a construction of
the string field theory which takes all such effects into account. This can be achieved by building the string
field theory around a background which does not satisfy the equations of motion, as I shall discuss in more
detail in [3].
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defined over the instanton moduli space, which also has the advantage that it is more
directly related to the physical interpretation of amplitudes. This requires a careful
discussion of localization and the use of the universal instanton formalism, which is
carried out for the open-closed sigma model in Section 3, and for the associated topo-
logical string theory in Section 4. The result reduces to that of [6, 7] for the particular
case of singly-wrapped D-branes.
As noticed in [6] and rediscovered in [11, 12], the associated open string background
will typically receive quantum corrections. This means that one is building the string
field theory around a background which fails to satisfy the instanton-corrected string
equations of motion. In particular, the BRST operator fails to localize on its large
radius representative, which implies that the BRST cohomology of the model as com-
puted in [8] has to be modified. The relevant corrections and deformation theory will
be discussed in more detail in [3] from a string field theoretic perspective, where in
particular I will show that the obstruction of [6, 7] has a very simple string-field theo-
retic interpretation. Because the analysis of [3] involves a string field theory expanded
around the wrong vacuum, one must be careful not to use the final result when con-
structing the theory. In particular, it is important to correctly identify the boundary
topological metric and give an argument for its independence of Calabi-Yau radius
which does not rely on BRST closure and conformal invariance2. To avoid circular
arguments, we give a non-renormalization theorem which is based on the geometry of
the associated moduli spaces. This result assures that the boundary topological metric
does not receive instanton corrections, a statement which is important for building the
open string field theory [3]. I also give non-renormalization results for the bulk and
boundary one-point amplitudes on the disk. Finally, I discuss the relation between
string amplitudes and nonlinear sigma model amplitudes with integrated insertions of
descendants. Using explicit expressions after localization allows for a proof of their
equivalence which does not assume that the background satisfies the string equations
of motion. Section 2 reviews the structure of the open-closed A model. Appendix A re-
derives localization for the BRST operator in the large radius limit in the Lagrangian
framework, while Appendix B discusses the Maslow index of disk instantons.
A word of caution is in order for the mathematically inclined reader. In this paper,
I treat the various instanton moduli spaces naively, i.e. I neglect the fact that many of
the arguments I use are not rigorous unless one compactifies these spaces appropriately.
The mathematical machinery needed for approaching this problem is extremely com-
plex and has recently become available in the book [7], to which I refer the interested
reader. To a large extent, the present work and its sequel [3] are an attempt to fill in
the holes separating the work of the physics community from that of [6] and [7].
2This is to say that we cannot apply the open string version of the argument of [27], since this assumes
that we have correctly identified a conformally invariant string vacuum and the associated BRST charge.
Since we only know how to recover this data from string field theory arguments, this would amount to using
the conclusion as a hypothesis. In particular, we cannot simply borrow the results of [29].
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2 The open topological A-model around a clas-
sical background
2.1 Review of the model in the presence of one D-brane
Consider a complex d-dimensional Calabi-Yau manifold X, whose complexified tangent
bundle we denote by T X = TX ⊕ TX, where TX and TX are the holomorphic and
antiholomorphic tangent bundles. Recall that the nonlinear sigma model associated
to X contains worldsheet bosons described by a map φ from the worldsheet to X as
well as fermions ψL, ψR, which are sections of the bundles K
1/2





c ⊗ φ∗(TX) and K
1/2
a ⊗ φ∗(T X) = K
1/2
a ⊗ φ∗(TX) ⊕K
1/2
a ⊗ φ∗(TX).





a are choices for their square rots, which control the spin structure.
To build the associated A-model, one simply declares these fields to be sections of
the ‘twisted’ bundles φ∗(TX) ⊕Kc ⊗ φ
∗(TX) and Ka ⊗ φ
∗(TX) ⊕ φ∗(TX) [10]. The
twisted fields (which we denote by the same symbols) admit decompositions:
ψL = χL + λL (1)
ψR = χR + λR , (2)
where χL and χR are sections of φ
∗(TX) and φ∗(TX) and λL, λR are sections of
Kc ⊗ φ
∗(TX) and Ka ⊗ φ
∗(TX).














d2zR(χL(z, z), λL(z, z), λR(z, z), χR(z, z)) , (3)
where we wrote λL = λL(z, z)dz , λR = λR(z, z)dz etc. Note that λL etc need not
be holomorphic sections of the corresponding bundles, since we are not imposing the
equations of motion.
For later use, we also define:
χ = χL + χR (4)
λ = λL + λR , (5)
which are sections of φ∗(T X) and Kc ⊗ φ
∗(TX)⊕Ka ⊗ φ
∗(TX), respectively.
The A model admits a nilpotent BRST symmetry, whose action on the fields is
given by:
δQ φ = iξχ (6)














with ξ a Grassmann odd infinitesimal parameter. In these equations, Γ is the Levi-
Civita connection on X. As in [10, 8], we define an operator Q through the relation:
δQΛ = −iξ{Q,Λ} , (10)
where Λ is an arbitrary field and {Q,Λ} stands for the graded commutator.
As pointed out in [8], one can introduce a ‘Floer’ topological D-brane in the back-
ground. This is described by a pair (L,A) formed of a Lagrangian cycle L and a
connection A living in a complex vector bundle E over L. We let r denote the (com-
plex) rank of E. In the presence of the Floer D-brane (L,A), the fields φ, χ, λ are
subject to the boundary conditions:
φ(∂D) ⊂ L
∂nφ|∂D is a section of φ
∗(NL)
χ|∂D is a section of φ
∗(TL) (11)
λ|∂D is form valued in φ
∗(TL)
Here we consider the model defined on a disk D, whose boundary we denote by ∂D.
The boundary model is obtained from its bulk counterpart by multiplying the





In the large radius limit, it was shown in [8] that BRST-invariance of the model requires
the connection A to be flat. As mentioned in the introduction, this conclusion will be
modified by instanton effects. Therefore, the condition FA = 0 should be viewed as
large radius string equation of motion, defining a semiclassical background in the open
string sector 3.
2.2 Bulk and boundary observables
In this subsection, I recall some well-known results on bulk observables, and re-derive
some properties of the boundary observables from a ‘Lagrangian’ point of view.
2.2.1 Bulk observables
The bulk topological observables of the A-model were constructed in [9, 10]. The local
observables are Q-closed operators Ov(z) = vI1...Ik(φ(z))χ
I1(z)...χIk (z) associated with
closed forms v on the Calabi-Yau manifold X. Such an operator is large radius BRST-
exact (i.e. exact with respect to the BRST operator appropriate in the large radius
3By semiclassical we mean that worldsheet quantum effects are being neglected. We shall not treat space-
time quantum effects (aka string loop effects) in this paper. To avoid confusion, we prefer to use the term
‘large radius background’ when referring to this approximation.
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limit) if and only if the form w is d-exact, where d is the exterior differential on X.
Hence the (local) large radius operator BRST cohomology of the bulk is isomorphic
with the de Rham cohomology H∗(X) of the target space X. Beyond these operators,
one can build nonlocal bulk observables by integrating their descendants. Indeed, it
was shown in [27] that bulk observables come in supermultiplets:
φ(σ, θ) = O(σ) + θαO(1)α (σ) + θ
αθβO
(2)
αβ (σ) , (13)
with respect to a bulk Q-superspace (σα, θα) (α = 1, 2). Here σ1, σ2 denote real
coordinates on the worldsheet, related to the complex coordinate z via z = σ1 + iσ2.
The components of a multiplet are related through the descent equations:
dO = {Q,O(1)} (14)
dO(1) = {Q,O(2)} , (15)
where we used the worldsheet forms O(1) = O
(1)
α (σ)dσα and O(2) = O
(2)
αβ (σ)dσ
α ∧ dσβ .
Integrating a two-form descendant over the disk produces a nonlocal observable











(2) can be used to construct topological bulk deforma-
tions [27, 29], and their insertion in closed sigma model amplitudes produces topological
closed string correlators [27, 26, 28]. This is due to the integral over the insertion point
which is part of such observables’ definition.
2.2.2 Zero-form boundary observables and the boundary BRST op-
erator
Such operators were constructed in [8]. In fact, only the case of a singly-wrapped D-
brane (when the bundle E has rank r = 1 and A is a U(1) connection) was analyzed
explicitly there, through the result for the nonabelian case (r > 1) was mentioned
without a detailed derivation. For completeness, I give the necessary derivation in
Appendix A.
A rank k End(E)-valued form w on L defines a boundary observable on ∂D via:
Ow(x) := wφ(x)(χ(x)...χ(x)) , (17)
where x is a point of ∂D. Here wφ(x) is the alternating multilinear form on Tφ(x)L
defined by the value of w at the point φ(x) on L. This expression is geometrically
meaningful since χ(x) are sections of φ∗(TL), and is generally nonzero even for odd
rank k, since χI are anti-commuting. Note that Ow can be viewed as a (Grassmann
4The fact that a boundary term appears in the right hand side of this equation was noticed in [11].
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even or odd) section of the bundle φ∗(End(E)). This encodes the natural dependence
of boundary observables on Chan-Paton factors.
Let dA : Ω
∗(End(E)) → Ω∗+1(End(E)) denote the covariant differential5 with
respect to the connection induced by A on End(E). It was argued in [8] (and is re-
derived by a different method in Appendix A) that the following relation holds in the
large radius limit:
{Qo,Ow} = −OdAw , (18)
where Qo is the BRST operator in the boundary sector. It follows that topological
boundary observables are in one to one correspondence with elements ofHdA(L,End(E))
In particular, the open sector BRST operator can be identified with dA in the large ra-
dius limit. The fact that the localized form of Qo depends on the connection A has far
reaching implications for the nature of instanton corrections, which will be explored in
more detail in [3]. For the moment, it suffices to note that, since instanton corrections
are known to affect the string field theory action [8], the correct string field equations
of motion away from the large radius limit will require A to obey an equation of the
form:
dAA+ instanton corrections = 0 . (19)
In particular, a flat connection A (FA = dAA = 0) will generally fail to satisfy this
equation, which is to say that it defines a background which does not satisfy the string
equations of motion. It follows that the large radius form dA of the localized BRST
operator cannot be correct once instanton effects are taken into account. Since the





tr(A ∗QoA) , (20)
this means that the localized string field action of [8] must contain further corrections
induced by worldsheet instanton contributions to Q. As I show in [3](following standard
methods of string field theory, which were already employed for related reasons in [6, 7]),
these corrections can be determined indirectly by first building a non-polynomial string
field theory around the large radius background given by a flat connection A and then
shifting this background to a solution of the corrected string equations of motion. The
string field theory action which results after this shift consistently takes into account
all of the disk instanton contributions to the dynamics of the model.
2.2.3 One-form boundary observables
Such operators can be built as descendants of boundary zero-form observables. BRST-
invariance of the model implies that the boundary operators are components of a Qo-
superspace of coordinates x ∈ ∂D and θ. This represents the ‘boundary restriction’ of
the bulk superspace (σα, θα). It follows that the components of a boundary superfield
5dA is a differential (i.e. d
2
A = 0) since A is flat.
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Ψ(x, θ) = O(x)+θO(1)(x) are related by dO = {Qo,O
(1)} (the boundary descent equa-
tions), where d is the exterior differential along the boundary and O (1) = O(1)(x)dx.
If O = Ow is associated with a closed form w ∈ Ω(L,End(E)), then it is easy to see
that O
(1)
w (x) = −wi1..ik(φ(x))φ
i1 (x)χi2(x)...χik (x)dx. The trace of such operators can
be integrated along a boundary segment C ⊂ ∂D to produce a nonlocal observable




tr(O(1))} = tr(O(q))− tr(O(p)) , (21)
where p and q are the initial and final points of C.
3 Localization for sigma model open-closed disk
amplitudes
We are ready to discuss the geometric formulation of instanton contributions to open-
closed amplitudes on the disk. We start by considering sigma model amplitudes, and
give largely an off-shell treatment, which does not require BRST-closure of topological
operators.
3.1 The amplitudes
We are interested in disk correlators with an arbitrary number of bulk and boundary
operator insertions. Consider n forms v(j) (j = 1..n) on X and m End(E)-valued
forms w(α) (α = 0..m − 1) on L. Let kj and lα denote their ranks. We shall give a





































Here I and i and indices describing tangent directions to X and L, and we order
the boundary insertion points x0...xm−1 cyclically on ∂D (figure 1). The symbol





of −φ∗(A) along the
boundary segment Cα−1 = (xα−1, xα) which connects xα−1 to xα in the order given by
the orientation of ∂D.
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